Pabora na 9BM u mporpaMmMmupoBanmne, MexMaT, 2 Kypc 2 TOTOK

Tema 5. beicTpble AepeBbd MOUCKA

AVL pepeBo

O6bI"IHO€ AepeBO ITOUCKa MO2KET BbIPDOZKAATbhCA B CIIMCOK U COOTBCTCTBECHHO TPYAOEMKOCTDL
pabotsl Mmoxker crarb O(N). Ograko m1060ii HAGOP PAIUIHBIX JEMEHTOB MOKHO OpTaHH-
30BaTh B JIEPEBO C JIOTAPUPMUIECKOH ITyOUHOI.

[TpobJieMa: MOZKHO JI OPTaHU30BATH PAbOTY ¢ JIepeBoM (IOUCK, Jo0aBIeHNe, YAl Hue)
¢ COXpaHeHHeM JoTrapu(pMUIeCKOR CII0KHOCTH B 000l MOMEHT BpeMeHH?

Oxuo u3 pemennii — AVL nepeso (Anenbcon-Benbekuit u Jlanmuc).

Unest — noazepkka cOaIaHCHPOBAHHOCTH 110 TiyOuHe (jiuHe) myTeM “noBopoTos” (-
JIOCTPAIINS).

Onpenenenne. [nybuna (qiuHa) gepeBa — 370 HamGOJbINAs JJIMHA €0 BeTBeil oT
KOPHSI.

Onpenenenne. VneaabHo cOaIaHCHPOBAHHOE I€PEBO — ITO TAKOE, B KOTOPOM JITHHBI
BCEX BeTBell OT KOpHS OTJMYAIOTCS He Oosee deMm Ha 1.

OueBuaHO, JyIMHA U/eAIbHO cOatancupoBannoro jgepesa ¢ N y3iaamu ectb ~ log, N. Ho
HOJJIEPKUBATDH UACATbHYI0 COATAHCHPOBAHHOCTD TIPH J00ABICHUH U YIAJEHUU HE YIAeTCsI
co cioxknoctsio O(logy N).

Onpenenenne. CoanmancupoBannoe AVL nepeBo — 3T0 Takoe, B KOTOPOM B JIIO0OOI
BepIIUHE JIMHBI JIEBOTO H IPABOr0 MOIEPEBhEB OTANYIAIOTCS He Oosiee yeM Ha 1.

IIpumep. Uneansuo coanancupoannoe n AVL nepeBo — 510 pa3ubie Bern!

Onpenenenune. Baianc Bepimmab €CTh PA3HOCTD JIJIMH PABOTO U JIEBOTO TMOIEPEBHEB.

ITpumep. /lepeBo @ubonaudun — OajlaHC BCEX BHYTPEHHUX BEPIIUH paBeH 1.

Vreepxkaenue. lianna nepesa @udonauun ¢ N pepmunamu ectb O(logy N).

HokazarenbcTso. [Iycts N (k) ecth KoJmuecTBo Bepinnt jepesa PUOOHATIN TITyOUHBL
k. VImeeM peKyppeHTHOe COOTHOIIEeHUE

N(k)=N(k—-2)+Nk—-1)+1

N(0)=0, N(1)=1

Bynem mckath perenueM 3Toro peKyppeHTHOT'O COOTHOIIEHUS B BHJIE

N(k)=a* -1
He#icTBUTENBHO,
A" —1=d"?-1+ad"'-1+1
nJjain

1++v5
2

VMHOXKeHHe Ha KOHCTAHTY He MeHser pemenns, T.e. Craf + Coak — 1 — Toxke pemenme
KoucTanThl HAXOAATCS W3 HAYAJIBHBIX YCJIOBHUIL:

Ci+Cy;,—1=0

Clal + CQCLQ —-1=1

[TocKOMbKY TJIaBHBIM WIeHOM B 3jeMeHTax nociaenosatenbnoctu N (k) asagerca Ciak,
T0 Tipu Gosbmux k MoxHO cuntarh, uto N(K) ~ Cia¥, oTkyna momydaercs, 94to

a>—a—-1=0, a,ay =

k ~logy, N/log, a; —log, C1/log, ay < logy N/logya; < 1.5log, N

YrBepkaeuue. [Ipoussosibnoe AVL nepeBo mjmubl & nMeeT He MEHBINE y3JI0B, YeM
nepeBo PuboHaATYIN JTUHBI K.
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JloKa3aTebCTBO JIETKO MOJIYYaeTCs 110 WHTYKITAH.

IIycTs yrBepKaeHme BepHO 11 Beex AVL mepesber amunasl oT 0 10 k — 1. Pacemorpum
KopeHb npousBobHoro AVL nepesa naunst k. [Iycts 310 mepeso umeer M y3mos. OmHO U3
HO/IJIEPEBbEB TOI0 KOPHS UMeIoT iy k— 1, a Bropoe — mymny k—1 wim k—2. Ilycrs ko-
JIMYECTBO Y3JI0B K 3TUX HoepeBbsax ectb My u My coorBercTrBento. 1o mpeino/ioxkeHnto
MHIYKIIUA TMeeM

My > N(k—1), M2> N(k—2) = M = M+ My+1> N(k—1)+N(k—2)+1= N(k)

YrBepkaeuune. imaa npounzsonsaoro AVL nepeBa ¢ N y3jgaMu He TPEBOCXOIUT
1.51og, N.

HokazarenscTBo. nes. ConoctaBuM nepeBy riyomHbl k ¢ N y3JaMu TOYKY Ha ILJIOC-
koctu ¢ koopaunaramu (k, N). Ilo nmpenbiaymmemy yrBep:kaenuio Bce Toukn st AVL ne-
peBbeB OyayT Jiekarb He Huxke KpuBoii N = N (k) (nas nepesa @ubonaqun). Keraru,
3TH TOYKH OyIyT JlexkaTh He Bhimre kKpusoil N = 28 — 1. Takum obpaszom, m1a gagroro N
touku Bcex AVL nmepeBnen Oy/yT 06pa30BBIBATH TOPU3OHTAIBHBIN OTPE30K MEXKIY ITUMU
KPUBBIMH, T.e. MAKCUMaJIbHOE Kk peanusyercsd ajd jaepea Pubonaddn.

Urak, AVL nepeBo mmeer JjiorapudpMHYECKYIO IJIAHY OTHOCHTEJIHHO YHCJIA y3J0B, H
Ternepb HAJO 00ECIEeUNTh TPYAOEMKOCTh JT0OABICHUS U YAAJEHUS ¢ TAKWM JIePEBOM B I'Da-
aunax O(log N).

AVL nepeBo, mobaBjieHUE U yJaJI€eHUE 3JIEMEHTOB

g y3na AVL nepeBa nmpumem CTPYKTYpPY

template <class T>
struct TreeNode

{
T value;
TreeNode *left, *right;
int balance; // PasHOCTBH MexIy IJVHAMU IOINEpPEBLEB
TreeNode() { left = right = nullptr; }
}
dobasienne.

Bymem peanmszoBbiBaTh g00aBaeHHE HA OCHOBE PEKYypPCHBHOM mporemypbl. OCHOBHAS
ujest COCTOUT B TOM, UTO J00ABJIsIEM 3€MEHT KaK B OOBITHOE JepeBO MOUCKA, HO €CJIn
MIPH 3TOM HAPYIITaeTcs DaIaHC B KOPHE KAKOro JIU00 MOAJAepeBa, TO MbITAEMCS UCITPABATH
CUTYAIMIO IMPH IIOMOIIKM TaK HA3BIBAEMOI'O MOBOPOTA BOKPYT HEKOTOPON BEPIIMHBI IOJIe-
peBa.

NntocTpanusi: TOBOPOT BOKPYT YKa3aHHOI BePITHHBI (JIEBBIH UM TPaBbIii).

[ToBopoT 1mO3BOJISIET HAM LEPEMECTUTH Y3Jibl U3 OJIHOI'O IOJi/IepeBa B JIPYIOe U TaKuM
0bpa30M MoNpodOBATH BHIPOBHATH DAJaHCHI B JJAHHOM IO/JIePEBE.
JL1sT ompeieTEeHHOCTH PACCMOTPHUM CJIy4ail 100aBIeHUs B JIEBOE MO/, IePERO.

NnarocTpamus: jiepeso J10 U 1oc/ie J100aB/IeHust B JIEBOE 110€PEBO.

[Ipu nobaBjeHun J1eBoe IOJJIEPEBO MOXKET COXPAHHTL CBOIO JITMHY, U B 9TOM CJIydae
GoJIbIlle HAM HUYEro JiesiaTh He Hajo. Eciau ke juHA MeHsieTcst (yBeauduBaercst Ha 1),
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TO HaM, BO3MOKHO, IOTpeOyercs ImepecTpoiika. Kakymo mepecTpoilKy W KakK BBHIIOJHATH
3aBHCHT OT TOTO Kakue GajiaHChl ObLIN 3apUKCHPOBAHBI B HCXOITHOM JI€peBe.

Wrak, MbI 10O6ABIIN JeMEHT B JIEBOE IO IepeBo. PekypcuBHast mporeaypa 100aBaeHus
BBIIIO/THIJIA CBOIO PAbOTy B 3TOM IO iepeBe u npusesia ero koppekraomy AVL cocrosuuio.
[Ipu 3TOM, BO3MOYKHO, KOPEHb MOAAepPeBa N3MEHUJICHA, HO IIPOIEAypa BEPHY/IA HAM yKa3a-
TeJIb Ha ITOT KOPeHb. TakuMm 00pa30M, 3aro0BOK MPOIEAYPHI T00ABIEHUS MOXKET UMETh
TaKOi (yIpOIIEeHHbIIT) BH/I

TreeNode * Add(TreeNode *r, const T &x, int &grow)

rje r — KOpeHb IOJIepeBa 10 J100aBJIeHHs],

X — Jo00aBJisieMoe 3HadeHue,

grow — BeJMYUHA IIPUPOCTA To/iepesa mocue gobasaenns (0 mmm 1),

BO3BpPAIAEMOe 3HAYEHNE — KOPEHb MO/IepeBa mocjie 100aBIeHnsd,

PaccmorpuM mocsie1oBaTe/IbHO BCe BO3MOXKHBIE CJIy4YaM, CIUTad, 9TO HCXOIHOE JIePEeBO
IMeJIO UINHY Kk W JIeBOe IOIIepPeBO YBeJMUHJI0ch npu gobapienun. Ilycts A — KopeHb
TEKYIIero Mmojjiepesa, B — KOpeHb JIeBOro Mojjiepesa (T.e. JeBbiii moToMOK A).

1. Basanc A ecrs 1 mian 0. Torga nepecrpoiika He Hy)kHa. TOBKO H6aanchl A U3MeHsI-
10TCd cooTBeTcTBeHHO Ha 0 m -1.

2. Bananc A ects -1. [lepecTpoiika oHOKpaTHBIM paBbiM moBOpoTOM B A. Heobxoanmo
paccmoTrpeTh 6astancel B. IIpobiiema paspemaercs s 6atancos B papabix -1 u 0.

3. Bamanc A ects -1, 6amanc B ects 1. Pacemarpupaem C — mpaBblif TOTOMOK BEPITHHEL
B 1 ero mojiepeBbs. BHIIOIHSEM JBORHON TOBOPOT (eBbiii B B u mpassiit B A). ITpoGiema
pasperraercs, pacCTaHOBKa 0AJaHCOB 3aBHCHT 0T OajaHcoB BepinuHbl C.

Nnnrocrpanus: moBopoTH U OaJdaHChl JJid caydaes 1, 2, 3.

Pesynbrarnhr 31uX JIeficTBUil MOXKHO CBECTH B ODOIILYIO TAOJIHILY.
Tabsmmna gobaBjieHUs B JIEBOE MOIIEPEBO

6amaHcH

cTaphe HOBHIE ¥“3M. JNWHE ~ IIepecTpoiika

A°B C A B C

1 0 0

0 -1 1
-1 -1 0 0 0 L1 oZnHOKpaTHHI NIOBOPOT
-1 0 -1 1 1 L1
-1 1 0 0O 0 O 0 L2 1BOHHON HIOBOPOT
-11 1 0-1 0 0 L2
-1 1-1 1 0 O 0 L2

Tenepp, onupasch Ha 3Ty TabJUUKY, Oy/IeM CTPOUTH PEKYPCHBHYIO HPOIEIYPY.

TreeNode * Add(TreeNode *A, const T &x, int &grow)
{
if (A == nullptr) { // mycToe zmepeso
A = new TreelNode;
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A->value = x;

grow = 1;
return A;
} else {

TreeNode *B, *C;
if (x < A->value) { // mobaBieHue HaAIEBO
A->left = Add(A->left, x, grow); // mobaBumim

if (grow == 0) { // nnuma me yBemuumiach
grow = 0;
return A;
} else { // DiVHA yBEIVYUIACH
switch(A->balance) {
case 1: // BHam cmyuai 1
A->balance = 0;
grow = 0;
return A;
case 0; // Toxe Ham cnywai 1
A->balance = -1;
grow = 1;
return A;
case -1: // Ham cmydaii 2

// 3hecCh HAYMHAETCS CaMOe HHTEPECHOE

}
}
if (x > A->value) { // mobaBneHue Hampaso
A->right = Add(A->right, x, grow);
CUMMETPHUYHHH KO . ...

}
// x DonxeH OHTH yHUKAIbHHM !!!
}
// BOT M OHO --- TO CaMO€ WHTEpPeCHOe
B = A->left;
switch (B->balance) {
case -1: // paspemeHue cuydas 2
A->left = B->right; B->right = A;
A->balance = B->balance = 0;
grow = 0;
return B;
case O0; // paspeumenue cuydas 2
A->left = B->right; B->right = A;
A->balance = -1; B->balance = 1;
grow = 1;
return B;

case 1: // mam cayuait 3
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// m Temepb cayuait 3

switch (B->balance) {

case 1:
C = B->right;
B->right = C-left; C->left =B
A->left = C-right; C->right =
switch(C->balance) {
case O0: A->balance = B->balance = C->balance = 0; break;

case 1: A->balance C->balance 0; B->balance = -1; break;
case -1: A->balance 1; B->balance = C->balance = 0; break;

3
b

}
grow = 0;
return C;

}

N3 Tabaumpl cJIenyeT, 9TO BBITIOJHSAETCS He 00JIee IBYX TePecTPOeK st KarKIoro JI0-
OaBJIeHUd.

Eciu menoab3yercs ¢eblIKa Ha POIUTENsI, TO ee BOCCTAHABINBAEM CTaHIAPTHBIM 00pa-
30M

if (A->left) A->left->parent = A;
if (A->right) A->right->parent = A;

W amanoruvHo [J1s1 APYTUX BEPIIWH IIPU HOBOPOTAX.

YaageHnume.

Tor ke pUHIKI, 9TO W B IPOCTOM JiepeBe Toucka. Ecin y smemenTta ne 6osiee 0HOTO
HOTOMKA, TO YJAJIsieM, & €CJIM IIOTOMKOB 2, TO IIOJMEHSAeM 3HAYEHUE U Y/Ia/1deM 110 MEeHHbII
snement. T.e. HEOOX0AMMOCTD DAJIAHCUPOBKH BO3HUKAET IIPHU PEAJTHLHOM YIAJICHUHU IJI€MEHTa,
(nMHA JepeBa MOYKET COKPATHThCH).

HpeYKHAS IPOTeaypa

TreeNode * Remove(TreeNode * A, const T & x, int &grow)
{
TreeNode *p;
if (A == nullptr) return nullptr;
if (x > A->value) {
A->right = Remove(A->right, x, grow);
// MOTrJIa COKpaTUTbCS IJIMHA
// if (grow < 0) BalanceRight(...)
} else if (x < A->value) {
A->left = Remove(A->left, x, grow);
// Morma cokpaTuThCH mgnuuHa  grow < 0 7
// if (grow < 0) BalancelLeft(...)
} else {
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if (A->right == nullptr) {
p = A->left;
delete root; // DiuHA 3aBELOMO COKpATUIACh
grow = -1
return p;

}

if (A->left == nullptr) {
p = A->right;
delete root; // DiuHA 3aBELOMO COKpATUIACh
grow = -1
return p;

}

p = SearchRightmost (A->left);

A->value = p->value;

A->left = Remove(A->left, A->value, grow);

// if (grow < 0) BalanceLeft(...)

}

return A; // ecim paHblle He BEPHYJIM APYroil KOpPeHb :))

}

Paccvorpum yraanenue ciieBa
TreeNode * Remove (TreeNode *A, T &x, int grow);

TreeNode * BalancelLeft (TreeNode *A, int grow);
// BO3BpamaeT yKa3aTelb HA KOpeHb NIePeCTPOEHHOTO IepeBa

Nnnrocrpanusg. [lepecrpoiika R1
Nnnrocrpanusg. [lepecrpoiika R2
Comras Tabsnia 6aaancoB MPU MepecTpoiike MPaBoro MoiepeBa Py yIaJIeHUN CIeBa

6anancH

CTaphe HOBHE “3M. JJIMHE ~ IIepecTpoika
A B C A B C
-1 0 -1

0 1 0

1 1 0 O -1 R1

1 0 1 -1 0 R1

1 -1 0 0 0 O -1 R2

1 -1 -1 0 1 O -1 R2

1-1 1 -1 0 O -1 R2

N3 tabaunsl caegayer, 9TO MEPECTPORKH MOTYT BBIMOJHATHCS 1O HMENOYKe BILJIOTH JI0
KOpH4.
CuMMeTprUYHO, ecu 33/efICTBOBAHBI JIPYTHe CTOPOHHI.



